Abstract. Previous work in the literature had built a formalism for spatially averaged equations for the scale factor, giving rise to an averaged Raychaudhuri equation and averaged Hamiltonian constraint, which involve a backreaction source term. The present paper extends these equations to include models with variable Newton parameter and variable cosmological term, motivated by the non -perturbative renormalization program for quantum gravity based upon the Einstein-Hilbert action. The coupling between backreaction and spatially averaged three-dimensional scalar curvature is found to survive, and all equations involving contributions of a variable Newton parameter are worked out in detail. Interestingly, under suitable assumptions, an approximate solution can be found where the universe tends to a FLRW model, while keeping track of the original inhomogeneities through two effective fluids.
Introduction
Over the last ten years, the use of the effective average action [1] and of the renormalization-group equations has made it possible to obtain encouraging evidence in favour of Einstein's gravity being renormalizable at non-perturbative level [2, 3, 4, 5] , with all running couplings having a finite limit at large momenta. The cornerstone of this program is the discovery of a new non-Gaussian ultraviolet fixed point, besides the trivial one at the origin [6, 7, 8, 9] . The resulting picture seems to be as follows: at sub-Planckian distances, spacetime is a fractal. It can be thought of as a self-similar hierarchy of superimposed Riemannian manifolds of any curvature. As one considers larger length scales where the renormalization-group running of the gravitational parameters comes to a halt, the spacetime ripples gradually disappear, and a classical four-dimensional spacetime manifold is recovered [6] .
In the simplest possible terms, the renormalization group improvement consists in the modified Einstein equations [10] R µν − 1 2 g µν R + Λ(k)g µν = 8πG(k)T µν ,
where the Newton parameter G and cosmological term Λ are now dependent on the scale k, k being the running cut-off of the renormalization group equation [1] . In cosmology, the dynamical evolution is determined by a set of renormalization group equations by means of the cut-off identification k = k(t) which relates the energy scale of the running cutoff k of the renormalization group, with the cosmic time t. In [11] it has been shown that, in a cosmological setting, the correct cutoff identification is k ∝ t −1 ; it is thus possible to determine G(k(t)) and Λ(k(t)) in Eq.(1) once a renormalization-group trajectory is determined.
Notwithstanding its merit, the renormalization group approach is still worked out for a rigorously homogenous and isotropic universe. As well known, however, the matter distribution in the observable universe may be considered homogenously distributed only on large scales so that it is interesting to investigate how this can impact the renormalization group equations. Needless to say, lacking a detailed description of the matter distribution, we can only consider a kind of average universe obtained by averaging out the inhomogeneities. Fortunately, over the last decade, progress has been made on the longstanding problem of how to average a general inhomogeneous model. In particular, the work in [12] considers an irrotational fluid motion with the associated Einstein equations (in c = 1 units)
A flow-orthogonal coordinate system x µ = (t, X k ) is chosen, i.e. Gaussian normal coordinates comoving with the fluid. On writing x µ = f µ (X k , t), one has u µ = ∂f µ ∂t = (1, 0, 0, 0) and u µ = ∂fµ ∂t = (−1, 0, 0, 0), where t is proper time. The spacelike hypersurfaces of constant t are assumed to foliate the spacetime manifold, and their first fundamental form, i.e. the spatial 3-metric g ij , is used to define
The spatial averaging of a scalar field ψ as a function of Lagrangian coordinates and time on an arbitrary compact portion D of the fluid is defined by the volume integral
where the volume V D is obtained as
A key role in the formalism is played by a dimensionless effective scale factor
in terms of which the averaged expansion rate takes the form (the dot being used for the total derivative with respect to t)
In [12] , the scale factor a D obeys the averaged Raychaudhuri equation
where Q D is the backreaction source term and σ 2 is the rate of shear, and the Hamiltonian constraint
where (3) R is the scalar curvature of the constant time spacelike hypersurfaces used in the spacetime foliation.
Our aim here is to generalize the above averaging procedure to the variable -G cosmologies coming out from the renormalization group approach. This is presented in section 2 where we extend the averaging method to models with variable G and Λ. Section 3 introduces the variable -G cosmic quartet and equation of state, while a particular solution of the averaged equations is obtained in section 4. The coupling between backreaction and averaged scalar curvature is worked out in section 5, while section 6 displays a remarkable simplification of the equations describing such a coupling. Results and open problems are presented in section 7.
2. The averaging method with variable G and Λ As a preliminary ingredient, it is useful to bear in mind a fundamental identity [12] for any scalar function ψ:
If G and Λ are variable, the Raychaudhuri equation (8) has to be modified by keeping G and Λ within the average symbol. Making use of the definition of θ D , we can rearrange the terms to get
The identity (10) with ψ = θ then yields
where the definition of the backreaction term Q D has been used. The spatially averaged Hamiltonian constraint with variable G and Λ is obtained from Eq. (9) by keeping G within the averaging symbol, and by replacing the constant Λ with the spatial average Λ D , i.e.
The integrability condition for our coupled system is obtained by taking the partial time derivative of Eq. (13) and then using again Eqs. (12) and (13), jointly with the averaged Bianchi identity (cf. Ref. [11] )
Actually, what has been used so far in the literature is only the weaker condition [11] Λ + 8πρĠ = 0 so that Eq. (14) is strictly an assumption. From the formalism developed so far we find
where use has been made of the identity (10) with ψ = Gρ, and of Eq. (14) . Now both sides of Eq. (15) contain the term
which can be written in the equivalent form
The variable-G cosmic quartet and the cosmic equations
Inspired by the work in Refs. [12, 13] , it is convenient to introduce the following dimensionless quantities : (18) represent therefore the definition of the cosmic quartet of density parameters [13] for the variable -G inhomogenous models. Such an interpretation is also confirmed on noting that, by virtue of the averaged Hamiltonian constraint (13) , one finds
as expected for a flat universe. Pursuing the analogy with the FRW cosmology, it is instructive to recast equations (12), (13) and (16) 
By virtue of (20) , the averaged Raychaudhuri equation (12) becomes
while the averaged Hamiltonian constraint (13) takes the form
Moreover, on denoting by F (H D , G, Λ, ρ) the right-hand side of the integrability condition (16), we find
The cosmic dynamics may then be found by solving Eqs. (22) and (23), while the integrability condition (24) plays the role of the continuity equation relating the variability of the averaged quantities.
A particular solution of the averaged equations
In order to find a general solution of Eqs. (22)- (24), we should know how matter is spatially distributed and assume a metric for the inhomogenous universe to compute the average quantities. Lacking such information, we can only look for a particular solution under some reasonable assumptions. For this purpose, we limit our attention to models with vanishing Λ. On taking the time derivative of Eq. (22) we therefore find
Since nothing is known about the spatial variation of ρ and G, we can assume that a mechanism exists which ensures that the effective fluid satisfies the same continuity equation as in FRW cosmology, i.e.
By virtue of Eq. (26), Eq. (25) then becomes
By comparison of Eqs. (22) and (27) we obtain
If we now revert to the definitions (20) and (21) of energy density and pressure of the effective fluid, and divide both sides by the average of the Newton parameter, we get of course
For obvious dimensional reasons, all terms on the right-hand side of Eq. (29) have the dimensions of a density, hence one can define two new fictitious fluids by setting
In analagous way, from Eq. (30) for the pressure, we obtain
Note that, since the average of the three-dimensional scalar curvature is in general a negative quantity, the density ρ R defined in Eq. (32) can be really viewed as the density of a fluid with equation of state w ≡ p/ρ = −1/3. On the contrary, since we do not know a priori the sign of Q D , Eq. (31) defines only an "effective fluid" which can also possess negative energy. In such a case, the fluid has the same equation of state as "stiff matter", but provides a negative pressure as if there were a cosmological constant (albeit "variable"). On inserting Eqs. (31), (32) and the equations
into Eq. (30), and solving for the densities (ρ Q , ρ R ), one finds
If one assumes Eq. (26), it is possible to obtain ρ Thus, let us now consider a spatially flat universe filled in with matter only, and let us introduce two new auxiliary functions through the following defining relations:
where G N is the Newton constant and ρ F LRW m is the matter density in a FriedmannLemaitre-Robertson-Walker universe (i.e. spatially homogeneous and isotropic). We now apply the definition (4) to obtain from (38) and (39) the averaged equations
from which, by virtue of the definition (5), we find
By virtue of Eqs. (42) and (43), the ratio of averaged functions reads as
where we have exploited Eq. (28), which implies that △ G = 0. The formula for the matter density is well known to be
while Eq. (13) leads eventually to
The insertion of Eqs. (44)- (46) into (36) and (37) yields eventually
with
. At this stage, we can further define
In Eqs. (49) and (50), we should insert Eqs. (47) and (48) to express ρ Q (z) and ρ R (z), respectively. The resulting equations should be compared with
hence we get
In the vast majority of phenomenological models used for H D (z), one finds that
Since it is reasonable to expect that the larger is z the more the universe approaches a homogeneous state (because density fluctuations cannot yet grow at large z), we can reasonably assume that
which in turn implies the expected limiting behaviour
In other words, we find that the universe "tends" to a FLRW model, but keeps track of the original inhomogeneities through the two effective fluids introduced earlier in this section. Actually, depending on the functional expression adopted for H D , it is also possible that ∆ Gρ vanishes identically at all redshifts. We stress that the constraint ∆ Gρ D (z) = 0 does not imply that the universe is homogenous, but only that the matter inhomogeneities average out to zero. As is clear from Eqs. (52) and (53), in such a case, the two fictitious fluids ρ Q and ρ R still contribute to the cosmic dynamics. In particular, should H D lead to cosmic acceleration, we can therefore argue that, under the suitable conditions ensuring the validity of Eq. (26), two fluids ρ Q and ρ R arising from inhomogeneities drive the cosmic speed up in a universe filled in with matter only.
Coupling between backreaction and averaged scalar curvature
From Eq. (12), inspired by the work in [13] we see that, if Λ = 0 (or, at least, Λ D = 0), the condition for an accelerating patch D of the universe reads as
The definitions of Ω 
in complete formal analogy with general relativity. If the domain D is taken to be as large as our observable universe [13] , the Hamiltonian constraint (19) , jointly with (58), yields
Thus, as in general relativity, a substantial amount of positive Ω D R is needed on the domain D, if the cosmological term Λ is set to zero.
A typical Hubble volume, however, would be described by the balance condition Q D = 4π Gρ D . If we extrapolate this condition to the global scale and exploit the Hamiltonian constraint (13), we find therefore the global stationarity conditions (cf. [13] )
where Q Σ and (3) R Σ are now the global kinematical backreaction and the globally averaged three-dimensional spatial curvature, respectively, while the constant C can be obtained from the Hamiltonian constraint at the initial time t i , i.e.
Interestingly, if we now insert the global stationarity conditions (60) into the definitions (20) and (21), we find
and hence
which is the cosmic equation of state, again in full formal analogy with general relativity [13] .
On taking the time derivative of Q Σ and (3) R Σ in (60), and then using the identity (10) with ψ = Gρ, D = Σ, and again (60), we find
The averaged Bianchi identity (14) with D = Σ can be now exploited to write (if Λ = 0)
The complete integral of Eq. (65) is given by the complete integral of the homogeneous equation [13] ∂ ∂t
plus a particular integral of the full equation, so that we can write
where γ(t, t ′ ) is the Green function of the operator
. Since we are here assuminġ a Σ = C, we are actually dealing with the first-order operator
,
The desired Green function solves the equation
and suffers a jump at t = t ′ given by [14] lim
It therefore reads as (hereafter Θ is the step function)
where
i.e. one finds, ∀t = t ′ ,
Moreover, the non-vanishing right-hand side of Eq. (66), which is three times the right-hand side of (65), tells us by how much the solution for (3) R Σ differs from the solution in the general relativity case, where [13] 
Interestingly, the coupling [13] between backreaction Q Σ (t) and spatially averaged threedimensional scalar curvature (3) R Σ (t) survives.
A solution formula for the spatially averaged scalar curvature
Note now that, by virtue of the proportionality of the right-hand sides of (65) and (66), one has ∂ ∂t
Unlike general relativity, the theory of averaging with variable G leads therefore to exact cancellation of the 9C a Σ (t)
Q Σ term, and one gets the equation
On denoting by χ an integration constant, and bearing in mind that a Σ (t) = t + a i , Eq. (76) is solved by
where Φ Σ (G, ρ, θ)(t ′ ) ≡ ∂ ∂t ′ (Gρ) Σ + Gρθ Σ (t ′ ).
Concluding remarks
Our equations (12), (13), (17), (22), (23), (65), (66), (68), (77) are original and lead to a theory of spatial averages for models of gravity with variable Newton parameter, motivated by some recent developments in nonperturbative quantum gravity [6, 9] .
It now remains to be seen whether such equations agree with the qualitative picture in general relativity [15] , according to which backreaction effects point to a global instability of the standard cosmological model, with exact solutions and perturbative results modeling this instability lying in the right sector to account for dark energy from inhomogeneities [16, 17] (for a critical view, see however the work in [18] ). In this respect, our particular solution in Sec. IV displays interesting potentialities of our approach: the universe "tends" to a FLRW model, while keeping track of the original inhomogeneities through two effective fluids.
Another interesting issue is whether our averaged equations with variable Newton parameter can be relevant for the theoretical scheme proposed in Refs. [19, 20, 21 ] as yet another alternative to dark energy. It would be also quite important to repeat our analysis with the help of the covariant technique developed in Ref. [22] .
